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TECHNICAL REPORT R-113

A STUDY OF STATISTICAL DATA-ADJUSTMENT AND LOGIC TECHNIQUES

AS APPLIED TO THE INTERPLANETARY MIDCOURSE

GUIDANCE PROBLEM

By ALAN L. FRIEDLANDER and DAVID P. HARnv, IIl

SUMMARY

Vehicle guidal_ce during the midcourse pha._e of

an interplanetary mission is altalyzed. The basic

guidance equation,% in the .form of dedation.s" .from
a reference trajectory, are developed by linear per-

turbation methods. A .,el.f-contained measurement

,_y._'tem i._ h!/pothe,_'ized, con,_i._'ting of tracking deeiees

to mea,_'ure angle.s" between pairs of celestial bodies, a
dock, and in._trumentation .for thrust eector co,tirol.

,llea,_urement errors are ,_pec_ed b!/ ,_tati,stical dis-

tribution._. The data-adju._tme,t technique, which.

includes knowledge of the past hi_tory of the _,ehicle

trajectory with current guidance i_formation through

a maximum-likelihood reduction, improves guidance

knowledge suceessieely a._ the cehiele progre._ses to-

ward it._" target and thu,_, has a ._ign_)qcan.t effect on

the t_eienc_j of guidance maneuvers. The ma]or

result._' q/data reduction (predicted mi,_ distance at

target and it._' e_timated variance) are interpreted by
logic or decision expressio_._, that pre._'eribe the amount

of incremental velocity correction. Guida_lce logic is

based on arbitrary dead-ba_d and damping coe.fi-

eients, varied parametl4cally .for e.l_cient guidance

pedormance. Results indicate that ,small dead band

and damping are de.s.O'able.

Guidance performance is eealuatcd by simulating

the guidance maneuver on a digital computer and

using .llonte Carlo techniques of ._'tati_.tieal analysis.

The mission considered is a 192-day Earth-.llars

tran,_fer. An injection-velocity error of 70 .feet per
second rms is assumed, which would cause the

"vehicle to miss its target by ._everal hundred thou._and

miles. Ten na_qgatio, fizes are taken en route, and

the correetiee action is ._peeified by the guidance logic.

With tracking-device errors of 10 seconds arc rms

the largest total velocity requirement is abouZ 235 feet

per ._ecot_d, and _he largest miss distance is 2000

mile._. With increa,_ed .,'ighting errors of ,_0 ,_'econd._

arc rm,% the eelocity requirement increases to 355feet

per second and the miss di,stance to _500 mffes. The

mazim,um numbers of correctio,,s' for these two cases

are six and nine, re,qpecli_,ely.

INTRODUCTION

It. is recognized that simple ballistic trajectories

will meet with little success in interplanetary

flights. A study of errors by Ehrickc (ref. 1)

indicates that the accuracy required of the culoff

velocity at launch to result in position errors at
the target planet of h'ss tlmn several thousand

miles appears technically unfeasible. Therefore,

it is reasonable to expect, that a space vehicle will

be equipped with a guidance system that will

allow trajectory corrections en route.

The study of guidance maneuvers is con-

venienl.l.y divided into midcourse guidance and

approach (terminal) guidance. The function of

midcourse guidance is to ensure a successfi,I
rendezvous with the target planet, while that of

approach guidance is to execute highly accurate
maneuvers in the immediate vicinity of the planet

(e.g., atmospheric-dragdeceierations). Ifiterature

on approach guidance problems includes rcferences
2to6.

This report is concerned with the guidance of tu

space vehicle during the midcourse phase of lt_e

mission. Some previous explor,_tory analyses of

mittcourse guidance have been reported (refs. 7
and 8). Reference 9 prescnts one of the few

really comprehensive analyses and ewduations of

a midcourse guidance theory. The present study

investigates t.he use of data-adjustment and logic
1
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techniques to improve guidance efficiency and is
an exlension of lhe basic work of reference 9.

These techniques have been developed and evalu-

ated by the authors for the approach guidance

prot>Iem (,'ef. 6) and have proved very satisfactory.

The amtlysis considers the random sampling of

real measurements with errors, and a muhit>le-

correction guidance scheme. The sla[islicnl per-
f<>rmance of the _fidanee maneuver is evaluated

primarily on the t)asis of prol)at)ili|y of fired miss
dislanee, to]a] velocily-ineremen[ requirements,
and number of corrections.

The cutoff velocity at launch (and consequently
the heliocentric inieclim_ velocity) determines [he

inlerplaneiary trajectory that will t)e folh)wed.

Errors in this quantity cause a deviation from the

reference lraj(,cto O thai nil|St be correeh,d a! a

future time. If sensing equipment were peril, el,
the true deviation couht t)c (letected shortly afh',"

launch, the required velocity incremeta would

bc of the same o,'der as the injeetion-vclocily
error, and no subsequent corrections would be

necessary. IIowever, in any real sysi(.m, both
the measuremenl of the deviation and the control

of the corrective velocity increment will in('lu(le
random error inputs. Therefore, a sing](, eorree-
lion will not suffice unless it can 1)e assured that

the worst pnssibh, cond)inalion of errors incurred

wouhl still not cause (he vehMe t<) miss its hu'get

by an amount greater lhan the specified mission

requirement.
If the guidance system acts directly on measured

deviations, and successive corrections are made,

the vehMe will generally oscillate al)oul the target

trajeeto,'y with a corresponding wasting of fiwl.

That is, overcorrection may occur frequently
because of the random nature of the measure-

ment errors. A logical question, then, is what

part of (.he informalion in<licaling devialions
shouhl 1)e considered significant and acted upon.

It is eh,arly indicated that a careful study mus!
be made in order 1o deduce an ol)limum guidance

sct(eme l,hat, would meet the guidance accuracy

requirements, minimize the propulsion needed,

and still not be impractical in terms of hardware

specifications. This is essmtlially the probh.m

of guidance in the face of random measurement

("/'/'ORS.

The obje('iive of thi,_ st:udv is the formuhtlion

of a guidance theory thai may t)e employed to pre-

scribe efficient trajectory control. Consideration

is given to a self-cont, ained measurement system

consisting of passive tracking devices to observe

angh,s between selected pairs of celestial bodies,

a chink to indicat.e time increments, and appro-
priate inslrmnenlalion for lhrllsl vet|or conlrol.

It, in assumed that Gaussian distributions arc

physieally representative of syslem errors, and
lhat calil)ration data are available.

Pert url)al ion tvchniques are used to lranslale

1)asic measuremenls to position deviations fi'om

a preeomputcd reference trajectory. At each

point of data acquisition, a best estimate of lhe

miss distance that will t)e incurred at the target,

is determined f,'om a maximum-]ikelihood adjust-

ment of current position deviations and pre-

dicted deviations obtained from past history

of the vehMe trajectory. Knowledge is pre-

sumably increased in this way. An int(,gral

part of the guidance theory consists of logic
or decision expressions used to prescribe the

amount of velocity correction to be applied.
The estimated variance of the miss distance

serves as an indicator of the statistical uIleertainty
of avaihtble l<nowledge and lhus is used to ad-

vanlage in eh,minating unnecessary or excessive
corrections.

SYMBOLS

Note: [-nits of miles refer It) stalu[e n)ih,s
(1 statute mile-- 1.6093440 kin).

7',la [ rices:

.l 13:>:9) or (35{6) matrix <h,fined by eqs.
(B,_), (Cs)

B (3>3) matrix defined t>y eq. (A31)

G 13X3) matrix defitwd by eq. (B13)

H (3X3) matrix defined t)y eq. (A27)
[ (3><,3) unit matrix

-l(t (3X3) malcix defined by eq. (16)

31,, (3X3) matrix of partial deriwdives of

with respect to 70 (eq. (AS))
N (3X3) matrix defined by eq. (B17)

P (3X3) matrix defined by eq. (A28)

Q* (3X3) malrix of partial derivatives of

components of 7* with respect to com-
ponents of 7

(3)<3) mqtrix of parliaI derivatives of 7

with respect to 7/. (eqs. (A12), (A13)) _

(3X3) matrix of parlla] derivatives of 7

with respect to 73 (eqs. (A18), (A19))

(3 X3) matrix whose rows 'ire made up of

vector _ (eq. (8))

R

R*

_7
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V (3X3) matrix of partial derivatives of F

wilh respect to 7r (eqs. (A12), (AI3))

V* (3X3) matrix of partial derivatives of 7

with respect to 7a (eqs. (AI8), (A19))

E (9X9) or (6X6) eowwiance matrix of

derived measurements (eq. (BI 0))

E_ (3 X3) eovarianee matrix associated with

_Ta (eqs. (09), (B15), (B18))

ZI,2 (3>(3) eovarianee matrix expressing cor-
relation between _7A and 67,__

Z2 (3 X 3) covarianee mat,'ix associated with

57._, (eq. (BI4))
Xa (3 X3) covqrianee mat rix associated with

_7,_ (eqs. (B11), (B12), (BI3))
Vectors :

All vectors are to be eonside,'ed cohunn vectors

unless otherwise specified. The magnitude of a
vector is written without a bar.

_b miss distance, miles

_, g'* constants during coast, included in gen-
end solution of perturbed differential
equations (eqs. (A22), (A23))

<f" discrepancy vector in data adjustment,
(eq. (B3))

aceele,'alion due Io gravity fiehl

unit vector in di,'ection of 7n

unit vector in <lirection of 7

unit vector in direction of star

defined by eq. (13)

heliocentric posilion of space vehicle,
mih, s

error in a7 (eq. (15)), miles

position deviation from reference lra-
jectory, miles

position deviation at reference time of

arriwd, miles
desired posilion deviation at reference

lime of arrival determined by guidance

logic (eq. (21)), miles
distance f,'om vehicle to planet, sighted,

miles

heliocentric posilion of phmel, miles

defined by eq. (7) or (8)
heliocentric velocily of space vehicle,

mih,s/see

velocity required al position 7 to intercept
target planet at la

velocity increment due to impulsive
thrust, ft/sec

velocity deviation fi'om reference tra-
jectory, miles/sec

7,,

7.

L

7

A7
a7

eS_a

rB

7p

7

.F*

A7

_7

"}Tp

7_

A_

7
X

Scaln rs:

_b

heliocentric velocity of planet, miles/sec

velocity of vehMe relative to target plnnet

at time ta (hypertmlie velocity), ft/see

error in fiE, radians
vector of angle deviations, radians

residual vecior in data adjustment

Lagrange multiplier

residual miss distance due to guidance

logic (eq. (20)), miles
k_ dead-band eoefIMenl

k_, damping coefficient

n integer number of c(>rre('tion

S quadratic form (eq. (B7))

l time, see (days)
_l error in t

tA time (>f arrival

b, time of departure
kr,_ maximum allowable velocity increment,

ft/see

_rm,, minimum allowable velocity ineremenl,

ft/see

(_"nmu_" t_+_t total velocity increment \,T==l..Xr_ , ft/see

o_ reference angle 1)etween Sun and star

(planet), radians
o- standard deviation of stalislica] (listril)u-

t ion

o-a r,ns error of measured miss distance (e(l.

(IS)), miles

Subscripts:
.'| evalu,lte(] Ill la

L cvaluate(l al [r

_ ewduale(1 at In

:r,y,z con}portents of vector

Superscripts:
T transpose of a matrix

1 inverse of a matrix

o refers to measured quantity

ANALYSIS

The problem under consideration is that of

guiding a space vehicle to intercept a moving

planet at a given time and position in space. A

lypical interplanetary transfer is illustrated in

figure 1. At the time of departure tL, a velocity

cha.nge is imparted to the vehicle causing it to

escape the gravitational field of the departure

planet. The vehicle then coasts around the Sun
along a trajectory designed to intercept the target

pbmet a/ the reference time of arriwd ¢A. Func-
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_Vehicle trajectory

1". Orbit of

/ target planet

.__Orblt of departure planet

FIGURE l.--Planar representation of interl)lanetary

transfer,

tionally and for analysis purposes, it is convenient

to divide tile interplanetary transfer into three

ares: (1) in the vicinity of the departure l)lanet,

(2) in heliocentric space, and (3) in the vicinity

of the t_wget planet. This study will deal with

I|le problem of vehMe guidance during the
midcourse phase nominally defined as are (2).

The folh)wing sections are concerned with (I)

the t)asic linearized guidance equations that relate

the correctiomd veh)eity increment to measured

position deviations, (2) the measurement scheme

used to determine the position deviations, (3)

the technique of le_tst-squares data adjustntent,

(4) the technique of guidance logic, and (5) the

computational method used to ewduate guidance

performance. [n the folh)wing analysis it is

assumed that the position deviation at time of
launch is zero and that the perturbation on the

trajectory is due only to deviation in the injection

velocity. Furthermore, it is assumed tlmt

corrective velocity increments are impulsive in
effect.

LINEARIZED GUIDANCE EQUATIONS

The current ]itcl'altlre contains numerous refer-

ences to the development of a linearized guidance

theory. References S and 9 are particularly ap-

propriate. The t)asic idea in this approach is the
existence of a wclLdefined reference trajectory

that the space vehMe should follow in the absence

of all guidance errors. If i! is assumed that at no

time will the at'tuM traje(qory deviate significantly

from the reference trajectory, then it is possible

to study these deviations and the required correc-

tional maneuvers by perturbation methods. The

complete amdysis is presented in appendixes A

amt C, and the major results are indicated here.

The geometry of a correctional maneuver is

schematically shown in figure 2. At time t, the
vehicle, through a set of measurements as yet

,-Planet at time

_ _ / .

_ _rget planet

\ \\
\ \

_ Corrected

_ trajectory vehicte

 ,,ic,e,raie tor,"\
before correction \ \

\\

Vehicle at time fnJ/'" \

\
FICURE 2, Geometry of midcourse correction.

undefined, determines its position deviation at the
reference time of arrival to be _Ta. A velocity

increment AT,, is applied, causing the vehi(.lc to

follow a new trajectory with a resultant position
deviation at ta equal to 57a. Appendix A shows

that the predicted position devialion _Ta and the

required velocity increment are linear functions

of two position deviations _i7,_, .m<t 57, measured

along the trajectory at times t,,__ and t,, respec-

tively (t,,__ <_t,,). All deviations referred to are

x_ith respect to the reference trajectory. The

specific relations are

aT _=- (B.,P.)67._,-- (B,,H,,)57. (1)

AT.=Bx'a7_+ H.,67,,--I',,57.__ = B .; (_7'a-- aTa) (2)

where the quantities B,,, Ha, and P, are matrices
whose elements are evahtatcd along tim reference

trajectory at times t,-z and t,,. These matrices,
which may be considered precomputed quantities,

are expressed in greater detail by equations in

appendix A. It is to be noted that equations (1)
and (2), while they are derived from linear per-
turbations on the differential equations of motion,

arc not restricted to the classical two-body prob-

lem. It. is theoretically possible to include the

simultaneous effect of all relevant gravitation'fl

fields, as indeed wouht be done in 'l final analysis..

However, since the purpose of this study is to

present and ewfluate a guidance technique, the
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approximation of three-dinlensional Keplerian
orbits is felt valid and is used to generate the

reference trajectory and tile matrices of interest.

MEASUREMENT SCHEME

Tile preceding section has estal)lished tile re-

quirement of determining position deviations.

One possible method of obtaining the components

of _7(t) is now presented. Consideration is given

to a self-contained measurement systen_ consisting

of optical tracking devices to observe angles

between three selected pairs of celestial bodies,
and a clock to indicate the reference time for the

sighting process to begin. Specifically, the Sun,

two stars, and a phmet will be treated in this

analysis, the Sun being used in all measurements.

The geometry of a typical sighting is illustrated

by sketch (a).

Planet

or star

where T, and i-, are unit vectors in T and 7. direc-

tions. From the (lot product,

7.78=--rrn cos a (3)

Tile sighting is taken at time t as imlicated by the

sp.weship clock, and assume for the moment th,at

no error is involved in time and tim! ,all sightings

are instantaneous. Taking differentials of (3),

a(7.7.) = 7.aT . + 7 waT (4)

a(--rr_ cos c_)= (rr,_ sin o0(_a--(r,_ cos a)_r

-(r cos .)ar,,

=(rrB sin o0_,_--rB(Tr47 ) cos o_

Equating (4) and
that _7n=--_7,

Ir sin c_

(5)

- dT,,.aT,,) cos

(5), simplifying, and noting

COS o0

1 (i,+i_ cos a)_. a7 (6)rb' sin o_

For a given reference trajectory and time of fix,
the angle c_ and the quantity within brackets are

predetermined. Since _o_ is simply the difference

between measured and pre_{etermined c_, the

components of a7 may be obtained from three

equations of the type (6). When one body is a
star, r,_ is infinite for all practical purposes, and

the second term within the bracket drops out. To

simplify noh_tion, tile bracketed term is denoted

by tile veeto," _. Thus,
For Sun-star measuremenis :

1
_=--=-- (i,+i, cos c0 (7)

r sin o_

SFor, un-planet measurements:

1 cos 1 cos a)3
=[_ (7,+7, _) (i,+iBr_ sin c_ l

(s)

A set of equations (6)

(i=1,3) can be expressed in matrix notation

for nleasurements t$oq

where ag, is a column vector and U is a (3X3)

matrix whose rows comprise the row vectors )7_.

Premultiplying (9) by the inverse of U,

aT--U-'aK (10)

providing U is not singular, which is generally true.
The effect of errors in the primary measurements

aa, and t upon the error in determining _7 will now

be investigated. Measurement errors are as-

sumed random anti i)hysically represented by
Gauss|an (normal) distributions. These dislribu-

lions will be considered ill grealer delail later.

The random error in measuring or, is denote,l

Aa,, and the random clock drift is denoted At.
All random errors are defined here as the differ-

ence between measured and actual quantities.

Thus, a positive At represenls a fast clock. The
error in _7, denoted by AT, is due to the following

three major effects:

(a) The effect, of :xa,

(t)) The motion of the planet sighted between

reference and actual times of sighting, At

(c) The motion of the vehicle during this time
interval

aa=Ua7 (9)
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The component AT, due to (a) is found from

equalh;n (10):
.x;, = u-,._a (11)

The component AT., due to (b) is found ,is follows:

Let a:i denole tile Sun-pltmet angle. From (3),

--rrH cos o_a--'r • 7B

Taking differentials due to the phmet's motion and

suhstiiuthlg ($7n=--'/:,. At, where 7,. is the planet's

veh)ci[y,

L r,_ sm c_a

Eq,aation (12) expresses tile deviation in ot_ r,'om
the reference value dne to the motion of the

planet in tile lime interv.fl At. l_rom (10), the

component kTa m_ty be written in general form

_ f""/
_7:=U-l_7.-xt; q=-lq..,f (13)

k q32

u'here q_=q.,=0 if cq and c_ are Sun-slat angles,

and qa is equal to the brat'keled term in equation

(12).

The eomponent ATa due to (e) is simply the

product of vehi(.le velDt.try 7 and tile clerk error
At:

ATa= ---/ra t (14)

The total error is the sum of equations (11), (13),
and (14):

aT--U 'a_+ (U-*_--i)at (15)

A few gener"d ohservi_tions concerning the sensi-

tivity of 57 to :X_ c,m 1)e made. Each set of

linear equalions of the type (9) relating position

Io angle deviations represents a plane. If mini-

mum sensitivity to errors ka, is desired, the three

planes shouh] be tnulually (_rlllogonal. This
criterion leads to the result lhat the ve('tors IL be

mulually orthogonal. For Sun-star measure-

ments, _s ' _=0, so thai _7,, and _ are 1)oth

orthogomtl to thc Sun-vehicle line. Then, tile

eonditi(m {hal _,, and _,., be orlhogomll requires

I]lat the planes in which the Sun-star "ulgh,s are

measured be orthogonal. For vehicles traveling

near the ecliptic, a sutTwient condition is thai one

s|a.r lie in the ecliptic while the other lie in a

perpendicular plane. The final m'thogonldity

TECHXICAL REPORT R--1 13--NATION'AL AERONATjTICS AND SPACE ADMINISTRATION

condition is that _'v (eq. (S)) lit, in the Sun-vehicle

line. It can be shown that this criterion requires

the Sun-planet line to be perpendit,ular to tile

vehi(.h,-phmet line. Such a condition cannot t.,

realized in general; however, a judicious choice

of the planet observed is indi('aled. The best
choice of celestial hollies to use for a given navi-

gatiml fix is a study in itself and therefore will

not be pursued further }lere.

No attempt has been made in this section to

include tile effects of (1) finite speed of light, (2)

time elapsing between t)eginning anti end of

sighting process, and (3) inaeeun_ey ill the aslro-
nomical unit. The first two effects are essentbdly

know] L and as such they may he included as stored

conslanls in tile spaceship compuler and the nqvi-

gallon fix era'retted accordingly. Tile effect of

(3), however, can influence guidance accuracy 'md
shouhl he accounted for in a final analysis. I! is

expected thai ill(, elTor due to tile ,tslronomi('al
unit will be relatively snlall in comparison with

the major navigution errors due to pra('tiral

sensing devices.

DATA-ADJUSTMENT TECtINIQUE

The predicted position deviation at arrival aTa .

can t)e computed from etluation (1) given Iwo

measurements of position devialion along tile

path, _7,,__ and ($7,, obtained at limes t,__, and t,,

respectively. Assume current data aequisi!ion is
at time t,. Equation (2) then yields the desired

velocity increment required to accomplish a given
correctional manuever. Since the quantities 67,,

and 57. inchlde Ill(, effect of r,mdOln measurement

errors, the 1)redietion of 674 will also be in error and

will consequeDtly qffet't any guidance at.lion

attempted. That is to say, there exisls a signif-

icant prol)ability that tile alnounl of Ar ('ailed for

will be in excess of the ideal requirement, anti

furthermore the position deviation at arriw,.1 after

the correction may actually be increased, resulting

in wasteful guidance fiction. Since random meqs-

urement errors cannot be wished away, what is

desired then is a means of i,nproving the accuracy

of the prediction by some smoothing process. This

will result in more efficient guidance action in

terms of guidlmee accuracy and fuel expenditure:

The form of data adjustment used in a guidance
theory must l)e arrived at by considering the

requirements on the complexity and operating

conditions of sensing-device systems and on con>
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puler eapabiliLv. One forn_ of adjustment pro-

posed in referenee 9 consists of measuring more
than tile minimum mmd)er ot' angh.s required fo,"

n navigation fix and thcn taking advantage of the

redundancy of information by a simph, least-

squares ill, thereby obt_)ining a better estimate of

position deviations. This leads to a salisfaetory

improvement for a given navigation fix, 1)ut

gives no assurance thai the ae('uraey of gut(brace
knowledge will t)e improved with e,lch successive
fix. A method that assures that guidanee action

based on inrorm,ttion at t,, will be more accurate

than such action at t,,_t is :_ desirable resul{, and

one to be pursued here.

The data-adjustment leehnique adopted for

this study is similar to one that has proved very
satisfaetory in an investigation of approach

guidance as reported by the authors (ref. 6).
This technique consists of inehlding knowledge of

the past history of tile vehMe trajectory along

with current guidance inform'(tion, and reducing
the redundant informaiion 1)y an application of

statistical theory. In clarifieaiion, tile quantity

aT, _ is in a sense past history; however, what is

specifically referred to here is the quantity aT_,
which is a parameter thai adequately describes

tile end conditions of tile trajectory an(1 is

invariant during coasting periods. For example,

after guidance action is taken at time t_ _, the
vehMe has an estimate of tile resulting position

deviation at. arriwd; from equation (2) this

estimate is _7_4. This knowledge is t,hen propa-

gated to the next guidance point at t,, since the
vehMe has coasted during the interwd. Conse-

quently, if a statistical measure of the accuracy

of this knowledge is available (whM! is the ease),

then 87.4 may be treated as an indirectly measured

quantity in eqm¢tion (1), resulting in redundanl
information. An analogy can 1)e made to the

classical problem of measuring three angles of a

triangle independently, although an 3• two angles

wouhl suffice, sinee the sum must. equal lg0 °,
The method of statistical adjustnmnt of data

has been reported extensively in the literature

(e.g., refs. 10 to 12). In reference 11, Brown
extends the work of earlier investigators and

.solves the general problem of "least-squares"

adjustment considering correlated errors having
the general multivariate normal distribution (see

eq. (B6)). Since the primary measurement errors

(Aa_, A0 considered here are assumed to be

independent and normally dislributed, tile in(It-

reedy measured quantities (_7.1, 87,, i, _7,,) meet
the preceding eriterion. Brown's results may

therefore t)e applied to the (|_ti_,.-adjuslmenl

problem in lliis sludy. The technique shouhl

properly be termed lhe "n)nxinmm-likelihood

adjuslmenl" t)ecanse tile lerm "lee.st squares"

corresponds only to the case of uncorrelated
errors. Tile detailed developn)en! of the adjust-

ment is presented in _ppendixes B and C, and the

major results are indicated in this seclion.
ar,,__, and a7 °, as lhc indirectlyDenoting aT._, -o

measured quantities, tile adjusted (lUanlities ('an

be expressed as
a7 _= aTy,+ _,

-- __ T,O8r,,__--a, ,,__+_,,

where tile _ are the most probable correction

lerms, called residuals, and are given by the

following matrix equation:

_= % =--ZA"(.,I:A0-'_-

The ma|rix .'l (eq. (B5)) is a pre(lelermined

constant for a given reference traje(_'lory and time
of fix. The discrepancy vector g' (eq. (B3)) is
evaluated at the measured conditions and thus

depends in part upon random errors. The
covarianee matrix "2 is in effect a measure of the

accuracy of I)ast and present kno_xledge before

adjustment, and also of the correlation betueen
the indirectly measured quantities. The second

major resull, is tile eovariance matrix of tim

adjusted quantities:

F,oa+=y,--[(A'2)r (A'2A r) _(A'2)]

By comparing "2,,v with Z, one may gag(, [he

improvement due to the adjustment. Quali-
tatively, knowledge always improves, since the

diagonal elements of 2; and the brackeled matrix

are always positive as they represent the variances

(mean-square era'or) in the principal coordinale

axes (x,y,z).
Information flow related to tile adjustment

procedure may be shown schematically by the
block diagram in sketch (b).

614099 62-- :2
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Primary [Current

measurements ._]knowledge

,., _o,, 8a2,_o_1_ ;, z_
I

t
Stored error

]calibration]

_ Moximum-

likeli hood l

odjuslment

Past
knowledoe

8i;__, X 2

(b)

Adjusted
values

_, _.,,
87n, Zodi

Resulls of

_ correclive

] a%7-7

The eovariance submatrices Z,, E2, E3, gnd Xl.2

make up the covariance nlatrix 2;. These (3X3)
submatrices are associated with the quantities

67°: 61,,-i,-° a7°, and the correlation between (_7_an(l

6rn-_, rtspecttvely"

E
0

EI.2 0 1
2;._ 0

0 Ea

These sulmmtrices are examined in detail in

appendix B. It suffices Io say here that the
diag'onal elements of [E_], are in generld sma]]er

titan those of [X_],,__, so tlmt on(, may conelu(le

that the error in predirting a'F.._ decreases wilh

c._ch successive navigation fix.

G LqDANCE LOGIC

Definitionof miss dist_tnce. In the prcceding

development, the htrget parameter h0.s been

defined as the position devialion (in helioeet_iric

coordinates) art the reference time of arriwd tA.

At this point the target parameter is better

defined in reruns of the hyperbolic approach

trajectory relative to the [_u'get plume]. It is
rec.dled thai the reference trajectory considered

in this _tnalysis is a direct intercept, so i]ml the

approach trajectory referred to here is actually

the perturlwd approach trajectory. Motion in

the vicinity of the target planet is illuslr,ned in

figure 3. Figure 3(a) shows the approximate

linear motion of the planel and vehMe in lhe
vicinity of rendezvous. At time la the vertor

d ifferenee between vehMe _u_d planet positions is

denoted ¢SFA:,s before, ntut the vectm" difference

between ve]licle 'rod phmel velocities is denoted

F_. The quantity Fk is tile velocity relative to

the phtnel and is eolntnonly referred to as the

hyperlmli(, velocity. Figure a(b) shows the ap-

proach tr_ijcctory rind the definition of miss

\,

(o)

: Asymptotes

\

/A \
/ ,

(b?

(a) Linearized heliocentric motion at time of arrival.

(b) II33_erbolie approach trajectory.

]"[,;VRE 3, Motion in vicinity of targ(,t l)lan(q,

distance. A! 't great (lisl:mce fi'om the planet

the [r_tjertory approaches the asymptote as
,_hown. The veelor _ is the eotnponenl of post-
lion deviation normal to the direction of relative

motion, and is sometimes referred to as the

"asymptotic disphwement" or "vector point of
aim." This quantity is useful as i_ target pltr_sm-

eter for guidamce purposes, since it is invariant
with small time vari_dions fi'om the reference time

of arriwd. Consequently, the miss distance
vector will be dcfitwd as

ab=aTa ('ir,r_Ta) F_
r_

/ F.7_\__

=3Ia67a 3I._ i._ gingular

(]6)

Since 31.4 is a matrix predelertnined by the refer-

ence trajectory, the miss dishmee is expressed by
(16) _s .'t line'_r function of the heliocentric

position deviation at Ca.
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Tile adjusted convariance matrix associale<l
with 6b is related to lhat of 674 by

Vo-_ ,,_,,, o'_,z1

=[o'_, _ Cr_ o'_,z[ (17),4. _._ ,_ J

The off-diagomd elements are present because of

the nonindependence of _ components. The

accuracv criterion for midcourse guidance will

t)e defined here as the mttgnitude of the miss-
distance vector _b. Tt is assumed that direc-

liomfl errors will be corrected in the near vicinity

of the planet where the navigation scheme can

be planet-oriented and presmnably more accurate.

For the purpose of guidance logic, then, the rms

error in the prediction of _b is denoted oc and
defined

0"¢;_ 0"2.

Decision expressions.--As staled earlier, in the
face of random measurement errors and SllCeessivo

corrections, the vehMe will tend to overeorreet

(in a stal istica] sense) and therefore be wasteful

of propellant. The seriousness of this inefficiency

will of course depend on the size of lhe measure-

meat errors. A qualitative understanding of the

problem may be gained by considering the
statistical density distribution of actual miss

distance before and after a correction, shown

,. _ _ (8%to°A

0 $b 8b 8boctool

2

(c)

0 Bb Sb

2

(d)

schemalic_dly by sl,:etehes (c) anti (d). The dis-
tribulion of _b,_a,,,_ is shown centered about tim

predicted miss distance 6b with a representative

but not necessarily true shape. For discussion

purposes, 5b is always to the right of the origin,
and tlmse vehMes having 5b,a:,_ to the left of

the origin can be considered as approaching the

target from the opposite direction in a one-
dimensional sense. The predieted miss <tistanee
is the same in sl.:etches (c) and (d); however,

sketch (d) represents a more accurate prediction
because o-, is smaller. Consislent with the

definition of the density distribution, the total
area under each curve is unity. The vehMe has

no definite knowledge of 6b_t_, except that it

probably lies within 4-3<r,+ of 8b with about a

99-percent l)robability.

If guidance action is tal.:en to null t_b, then tim
distribution of actual miss distance after the

eorre('tim_ is centered al)out the origin, and the

distribution's shape is essentially unchanged. It

is Hear that if fib '_'"_<2' the vehicle will be

moved farther from the target, thus causing

guidance action [o be wasted. The shaded area
in sl,:etetms (c) an,l (d) is the probability of this

occurrence. The conclusima is that the probability

of wasted guidance action increases with increasing

o'c and with decreasing 6b. Quantitatively, if

the distribution were truly normal (Gaussian),

the probability of overeorre('tion would be 40

percent for <_b----O.5o-a and only 7 percent for
6b=3ac,. It seems logical thai there is some

limiting value of 6b for which guidance action

is nol warranled, att<l that this wllue shouhl be
based on the rms error ¢a. A first guess wouhl

be to make this limiting value on the order of

3oc, thereby malting the probability of over-
correction small. Such a decision, however, may
not lead to the minimization of total At, whi<,h

is the criterion of efn<'ient guidance aclion. The

reasoning here is that those vehie]es associated

with htrge _b,_r,,,_z must await correction at a later
time when tl_e .A_, cost of such ¢,orrection is non-

ceivably much higher. One appreciates that the
best decision is not obvious.

The use of a specific type of guidance logic to

reduce inefficie,_t use of _, has been proposed and

ex-ahtated in a study of approach guidance, as

reported t>y the authors in reference 6. The re-

stdts indicated a signifi<'ant reduction in the total
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A_, and number of corrections required. This

technique will now be included ill Ill(' midcourse

guidance theory, and its effecl will be evaluated.

For a given navigation fix Ihe vehicle computer

is required to make the following decisions: (1)

wluqher a correction is warranted, (2) the size of

the correction, and (,3) whether the kr required is

within the efficietH limils of the propulsion devices.

In lhe formulation of tlle decision expressions,

common techniques used in control theory are
adot)ted, namely dead band and damping. In

addition, upper and lower limits on the mngnitude

of the velocity increment are spe('ified. The

h)wer limit will be seen to 'wt essentially as an

additional dead band. The specific guidance logic

is shown in t)lock-diagnmt form in figure 4. The

h)gic is based on the results of data reduction,

namely the adjusted values of _Ta, 5b, and z,.

Results of [
data reduction

1
IS n:/'/max?Yes No

Dead band j
ls _b •koa _6 _

Yes ;o

1
Domping

t,b=kOM _'G

_b=O

Compute A_ from

eq. (7') using

_,= ,',b8_

1

_v limits L

Is AV > AVml n ?. NO

IS _v > Llvmo x?
Yes Av = LXVmox ]

No I

Omit

Execute correction correction

FIGT'RE 4.-Block diagram of guidance logic.

The normal logic is modified at the last eorremion

poinl in order to ensure maximum guidance ac-

curacy at the target.
Consider first the use of dead tmml. The de-

cision expression is an inequality that compares

the predicted ,hiss distance with a meqsure of
statistical uncertainty in the prediction. An

arbitrary dead-band ('oettieient k,,, is introduced
so that (lesirabh' dead-band sizes may be deter-

mined by optimization of resuhs. A corrective

manuever is made only when

"" • 09)

Once a correction is decided upon, damping

action is used to reduce the probability of over-

con'eclion. Instead of attempting to null ab, tlm
w'hMe is left with an intentional miss distance

_b -- km_. (20)

where the damping coefficient ]_'DM is introduced

to permit optimization of results. Sketch (e)

illustrates the damping action schematically in

terms of the _ib,_,,,_, density distribution. The

q_ (_boctvo I )

//T "` ///_

'!V I \

eodAb _J bon dl

(c)

vehMe should probat>ly be corrected wi(hin the

dead band (/cmr_<km,); and with damping, over-

_b kD:u_ The
correction occurs only if _b_,,,t_ _ 2

probability of overcorrection would then be least
when the dead-band and damping coefficients are

equal.
The corrective velocity increment is computed

from equation (2), using a desired position devia-
tion vector at arrival 57_, which has the same

direction and is proportional to the predicted

vector (_7a. With reference to figure 2,

_, Ab
ara=_ aTa (21)
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Fromequation(2),

A7 B,;l(_baTA--aTA)

-- (1 Ic_'_)B,,_aTA (22)

Thu% the Ar magnitude for a damped correction

is equal to the fr,wtion(1 k"_(rq) of that ,'equi red

for tile undamped correction. The use (if thrust

devices having limited 5r capability for individual

corrective maneuvers is considered by suppl)'ing

tile guidance computer with the minimum and
maximum Ar lhal are to be allowed. This

limited capability may be due to excessive startu l)

losses and control requirements on tile low side,

and engine cooling problems on the high side.

7If the Ar specified l) 5 the guidance logic is smaller

than .:Xv,,,z=,no correction is made. Ahernalively,

it" an increment greater than .Xv,,,_ is called for,
only Ar,,,_ is supplied.

COMPUTATIONAL I'_IETHODS

Numerical resuhs used in tile ewaluation of

guidance performance are obtained with the aid

of an IBX[ 704 digital computer. A represenla-

live interplanetary mission is chosen 1)y specify-

ing the target l)lanet, launch date, and t,'il) time.

These quantilies are considered input 1o a "refer-
enee trajectory program," which calculates a three-

dimensional, Kephwian lransfer ellipse. For lhis

purpose, the t)lam't'u'y orbits are also considered

Keplerian ellipses. With lhe reference traje(.tol T

conlplelely defined, the perturtlation matrices dis-

cussed in the previous sections and appendix A

are ewtluat(,d at l)redetermined times t_. The
details of the cah'uhflion are not discussed in this

report ; however, stan(laM metllo(ts such as

presented in reference 9 are used.

Xlideourse guidance is simulated through tile

use of .Monte Carlo statistical techniques. This

approach consists of generating a random injec-

tion velocity error, which then results in a ran-

dom perturbed trajeclow. At the reference time
of fix, random errors are added to the true meas-

. urements, tile data are adjusted by tile method

des('rit)ed, and the type of corrective action is

determined by tile guidance logic. Random errors

.are added to tile incremental velocity vector, the

true pertul'l)e(l trajectow is calculated, and tilt,
process is repeated until the vehMe completes the

guidance maneuver. Statislical results are devel-

oped from many random simulations of this type.
Resuhs in<'lude (l) number of corrections made,

(2) size of individual velo('ity increment used, (3)

h)tal velocity increment used, (4) miss distance

at tilt, target, and so forth.
Random errors use<l herein are approxinmlely

normally distrit)uted and are generated t)y a
method described and ewduated in reference 13.

Use of the .Monte Carlo technique for obtain-

ing statistical resuhs offers a number of advan-

lages for vehMe guidance analysis. First, the
number of random variat>h's tlutl couhl be con-

sidered is utflimitcd, and all may 1)e taken into

,w<'ount simultaneously. A ,'unningstatistical rec-

ord of guidance performance is obtained, and the

id,'ntity of a given vehMe need not be lost. The

sampling technique precludes complex matlwmai-
i('al manipulation of I)reviously known distril)u-

tion types; this is principally applicable since tile
effect of gui(hmce logic is intentionally to alter

the dislrit)ution shape f,'om any classical form it

may have had.

The major disadvantage of ?_,lonte Carlo is thut

a very large number (if samples may bc needed to
characterize the infinite saml)h, ,,w('urately, and

thus it may require excessive computing lime.

Average or probabh, events ('an be obtained with

a t`airly high degree of accuracy from a relatively

small sample; however, unlikely occurrences may

not tie well defined. Ahhough probable values are

of interest, the worst requirements on the guidance

system are of princil)al importance Io design, since
a high probability of success will prol)al)ly be de-
manded for manned missions.

The significance of tile maximum requirements

from a given sample of an approximately contin-
uous distribution can be estimated using statistics

of extreme values (ret". 14). Tile mean number of

exceedances .V,,, in rr, future samples over the larg-

est resuh in n previous samples is

The m,ljority of tile results to be presented illus-
trate the worst ease in 100 saml)h's , so that the

mean nunlber of exeee(hmees in the next t sample

is 17101, or about 1 percent. Thus, the worst case

in 100 samples represents about 99-percent proba-
t)ility of not being exceeded. This is felt to be a

valid preliminaw answer.
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RESULTS AND DISCUSSION

The effect of daia-adjustmeut and logic tech-

niques on the performance of guidance m,meuvers
is now eva]ualed. In order besl to describe the

eharaeierislics of tile results, a reference ease is

presented first. A typical tdanet-to-pla,ug tl'allS-

fer is chosen, and representative initial and meas-
llrernel/[ errors are l/Ssllnled, The reference ease

used represe,ts the resul{ of a restrieted optimi-

zation of guidance logic. Following lhis, the

parametric resulls leading to the optimum choice

arc, shown, and lhe effects of guidance lo_c are
discussed. The remaining considerations of the

statistical performance evaluation include the ef-
fect of variations in initial and measurement errors
assumed.

REFERENCE CASE

Assumed parameters, The mission under con-

sideration is a 192-day one-way transfer from

Earth to .Mars wilh a launch dale of December 13,
1964. The descriplive paramelers of the reference

trajectory art, ]isled in tal>le I along with the nom-

inal values of errors and guidance-logic factors.
Tile vehicle depa,'ts from Earih with a relative,

velocity (hyperbolic velocity) of about 13,000 feet
|)or second, traverses an elliptical orbit inelined ,.a*/°

to the ecliptic plane, and reaches a rendezvous with

Mars at n relative velocity of about 18,000 fee! per
SPOOn(|.

The second group of assumed values includes _ll,.,
inilial and measurernenl errors. The heliocentric.

injection velocity, which in this case is about

110,000 fee! per second, corresponding to a h_tmcb
velocity of 40,000 feel per second, is assumed to

have a 70-fool-per-seeoml-rms error in each of its

Ihree eomponenls. This error resulls in n position
deviation at arrival of ttbotl[ 400,000 miles rms.

Tile optical device is accurate to 10 seconds of
arc, and the ch;ek to 0.001 pereenl of llw ac-
eumulaled time. These instrument errors have

been suggested in the ]iteralure as representative

(ref. 9), allhough a valid queslhm n-my arise as to

whether 10 seeonds of are can acl ually be obtained

from an inlegr_h,d guidance syslem, tin' optical

dcviee being just one component of till' system.

The errors in applying Ae are taken as }f0 percent

in magnitude and 20 seconds of are in dh'eclion,

which is twice the basic anguhu' error.
The third gl'oup of assullled vahles are tie

guidance-logic factors. The dead-band and damp-

ing eoeffieienls are both 0.5. The minimmn eft3-

cienl velocity increment is taken as 10 fee( per
second.

Navigation fix,--The na(m'e of the de(a-adjust-
ment technique is lhat knowh,dge improves "_vith

the number of fixes tal,:en. However, in an analy-
sis of this type computing time is an important
factor, and the number of fixes must be limited.

(Note: Computing time may not be a restriction

on board the w'hMe, since the Xlonte Carlo

mellmd is not needed_ however, increased storage

capaeily would be a consideration.)

Ten navagalion fixes are [aken, one at 10 days

after departure, lhe second al 20 days, and the
remainder a! 20-day inlm'va.]s l]wreafh,r. Stars 1

and 2 are chosen to have directions near tile y and
z axes of the evliplic coordinate wslem. Mars

and Earth are used as the planets to be sighted,
witlt the constraint thai the closest of the two be

,sod for n given fix unless the Sun-pl.met angle is
less than 1.5°, which is defined as a "nonvisible"

condition. The deseripfivo parameters of the na-

vigation sighting are listed in llw following table:

i Tim_

i days
i ....

lO

60
80

100
12(1
1.lo
16o
18o

Earth.
Earth_
Mars__
M'_rs__
Earth_
Mars__
Mar___
Ma ru..
Mars__
Mars__

Distance
from pla m.t

sight ed,
mil,'_

2. 13"-".1@
4.30

76. 2
59. 7
25.9
34. 1
24. 6
16.7
9, 90
3. 68

t

Reference angh-,, deg {

s,,, s, ! _%_7-,---
, I

tar _tal planet

77 90. 1:2.6 :
66 90. 30. 8 1
,17 90. 121
29 90. 134
14 90. 25.9
co 90. 156
88. 90. 167
77. 90. 175
67. 90, 169
58. 90. 160

Effect of data adjustment.--To illustz'ale the

effects of data adjustment on the accuracy of

guidance knowledge, the rms error in determining
the magnitude of position deviation ¢r(l) is

plotted against the time of fix" in figure 5(a). The

rms error is obtained from the square root or the

sum of tile di'tgonal elements of 2a (eq. (BI2))
Ttle upper characteristic represents the error

without any a(ljustmen(. Tile error at 10 days
is about 8000 miles, increases to 80,000 miles at.

140 days, a.nd then decreases to 22,000 mih,s at

the last fix. In contrast, the error characteristic

Per da, ta mljuslment shows a rather steady

decline from 7000 to 1700 miles. The greatest
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9ox,oa 1 ] I I I -- 7oox,o_
_ __ v Without adjustment _ I

o With adjustment

80 .....

70 .... _'_

_2 .E._.
60 --

"E
"g_ =

50--

_' 40 -- - g

t 'g g

i 30 ....

g
n. 20--

A
I

-1

I

I

I

A

ZOO

--"i'_-_ ,---__.._,.___., --,
0 40 8'(_ 120 160

Time of fix, t, days from departure

(n) _rror chnr:teteristie for position (h,viation al lime 1.

FIGURE 5. Resulls of reference case. AssI)me(t param-

eters, table I.

incrertse in knowledge is about 40-l'old, occurring

a.t 140 d_ys.

The effect of't.djustment upon the accuracy of
predicting the position devialkm ,d a,rrival &'a is

even more evident (fig. 51b)). ttere, (he rms

error is compute_[ from the m_l,lrix _i. The error

characteristic withm,t adjustment is rather oscil-

latory, with a maximunl error of 600,000 miles a.t,
10 days, _md u minimum error of 125,000 miles at

100 days. When _djustment is included, the

600

500

400

300

200

I00

Without adjustment __
With adjustment

0 40 80 120 160 200

Time of fix, /, days from departure

(b) Error charach,ristie for position devialion at arrival.

Fie, treE 5. -Continued.

error ehara(.ierisiie declines rapidly from 300,000

miles a.( 10 days 1o 21,000 nliles at 60 da3_, and
thereafter decreases to abotll 1800 miles _t the

final fix. The grea.tes( increase in accuracy is

abolti 170-fold for the fix t_l.],:(m 160 days after

depart ure.
The a.dwmtage of 111(, data-adjustlneIH Iech-

nique has l.)een ('lea rly indit,ated by figures 5(at

and (13) in terms of rms errors. I( is feh both

necessary antl inh,resting, however, to sludy the

details of data adjustmenl h)c the simulated

random guidance maneuver. The pa.rameler
stut!ieel is aFA, and the following (al)h, compares

the fleltt_fl, uncorret'ied, and corrected wdues for

five random samples taken l'rom the (lain, at,

t-- 100 (htys.
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Po.-:ition deviation at arrival, _tTa y-component, z-componenl,
mi] _s miles

Actu,d ....................................................

Predicted before IMjustmcnt ............................... ,
Predicted after adjustment ....................

Actual .............................................. ,

Predicted before adjustment ................................
Predicted afh,r adjustment .................................

Act ual ...................................................

Predicted before adjustment ................................
Predicted after adjustment ...........................

Achml ....................................... i
Predicted before adjustment ................ •
Predicted after adju.stmont ...................... :

Actual ..................................
Predicted before a(ljustnient ..........

Predicted after adj,,stment ............ -----_-----_.i----------_-

1,15,

6,

-- 139,
1 O,

--15,
65,

--12,

--21,
76,

-- 19,

12,
7,

13,

3"-con3polleli_

miles

55O
000
210

020
000

400

600

700

300

800

800

200

500

800

lO0

2, 09,t
16, 100

-I, 920

3, 140
16, 400

1, -180

9, 970
11,600
,q, 870

1O, 000
34, 400

8, 76O

4,320
3, 3t0

-- 2, 970

55I

I 1,600
l, 940

357

g, 85O
892

! 1, ,190
24,800

--2, 050

I, 030
- 19, 800

: 355

i 2, 760
50, 100

4, 690

A scan of this table shows that guidance knowl-

edge is significantly inlproved because of the

adj ustm cii i.
The error characleristic of the miss distance ab

is ph)tled ill figln'e 5((,) on semilog scales. Each

500,000

100,000

50,000

I 0,0oo

_ 5,000

I,OOO

\

500 t t
0 40 80 120 160 200

Time of fix, l, doy$ from deporture

(c) Error characteristic for miss distance.

Frnv_g 5. Continued.

point may l)e thought of as the final accuracy
altainabh, if the last correction were made al tlial

time, If only a sing|e correction were made tit

10 (lays after (teparture, the rms miss distance

would l)e aliout 150,000 miles. The nine suti-

seqllent fixes en(ling lit 1S0 (lays (,itllSe lhe miss tO

lie reduced })y more than two decitdes to 000 miles.

Furthermore, restllts show lhat the increased Av

added by the subsequent corrections in rather

insignificant compared to the increased accuracy.
Results of guidance maneuver. The final

accuracy of the guidance maneuver is shown in

figure 5(d). Ilere tile statistical distribution of

miss distance in i)]otle(1 in lhe form of .'l reclangu-

|ill' frequency (density) polygon. The niosl.

probable ritngo of miss distance, ¢orresporiding

1o file region of highest frequency, is between

200 anti 1000 miles, with 1111 liv0rllge of ai)ou[ 600

miles. 11 is recalled that the rills error in pre-

dicting miss distance at the fiiml guidance p_>int

w,ls also on [he order of 60,') miles. The shape
(ffthe distril)ution is skewed considerably towar<l

higher miss distances, this being characteristic

of nornlally distributed errors.
The results or g(lidance accuracy may be pre-

sented in another form, nainely, tile integrate(l

frequency polygon eommonh" ealh, d the cltmu|li-
tire probability dislribulion. Figure 5((') shows

the probabilits" of not 0xeeeding a given size miss

(iislan('o. The niedinn miss distance (50 per-

centile) is about 600 nii|es, and fho probability

of |tel exceeding 1200 nii|os is about 90 perceiil.

The largest miss distance obtahied fronl lO0

random saml)h's was 2050 miles and as previously

(tiscussed may be eonsidere(l the 99-percent

probability ]evel.
The cosl of guidanee in terms of total velocity

expenditure is shown in figure 5(0 in frequency-
polygon fern1. The most probable A_,_ require-

meiit is aboul 100 feet per second, but this dis-
tribution is also skewed toward higher total

velocity increments. Figure 5(g) ilhisirates the

cunlulative probability disti'ibulion. The niedian
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FW, VRE 5. Continu('d.

At, is 100 feel per second, which in this case is

about equal to the most probable requiremenl.

The largest k_'_ obtained from 100 samples was

235 feet per second.

Figure 5(h) shows the probability of using a

given number of ('orre('tions during (he guidance
maneuver. The number of corre('lions ranges

from 2 to 6, wilh probabililies equal to 2, 19, 45,

29, and 5 percent. The effect o[" guidance logic,

then, is to rejeet an average of 6 out of 10 possitfle

corrections. Breaking this down further into
the effects of dead band and A,_._., it was ro..d

dmt about SO percent of lhe correclions rejeeled

E

5O

4O

3O

20

I0

(f)

I00 ---

4- --

/

(g)

I00 200 300 400

Totol velocity inccement, ft/sec

(f) Frequency distribution of tohd velocity increment.

(g) Cumulative probM)ility distribution of total velocity

increment,

FIGURE 5. -Continued.

were due to A_,m_,. In this parti('ul_r example,

the minimum limit of velocit3 r in('rement was

the more effecliue in reducing the numt)er of
corrections.
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]I'ICURE 5. Continued.

Tim range of Av anticipated and the frequency

of a given 1: increment may be or possible im-

portance to engine design. The frequency dis-

If|but|on or individual vehwity increments is

shown in figure 50). Increments less than 10

h, et per second arc not used be(.ause of guidance

logic. The largest ar required is 160 feet per

second, but increments or this order are very

infrequent (34/ percent). Most frequently used
Av (51 percent) is between 10 and 20 feet per
second.

Effect of dead band and damping.--Tlw choice

of dead-band and damping (.oelli('i(mts equal to

0.5 was arrived at by dettq'nlinlng the elTe(BtS

of variations in these fa('tors on the requirements

of total velocity increment and number of cor-

rections. The results pres,,,nled in figure 5(j)
show the effect of kDR and kDM on kv,. .Although

the ma.xin:um requirement is of first imporhmee,

the median requirement is in{'luded to verify
trends. The maxinlum total velocity increment

rot. no (lead band or damping is 260 feet per

second, anH for kin, and k,,._, equal to 0.5 it is 235

feet per second. The velocity requirement in-
creases with eoetIMents ab<)ve 0.5; 415 feet per

second is nee:{e,t fop k,), and kr).,, equal to 1.5.

The explanation of this chara('teristie lies in tim
hwt lhal a trade-off exists between the amount

of wasted &c (in a statistical sense) at a given

correction point when h)w damping is used and
the amount of A_, required at later points to

correct tim significant trajectory error that re-

mains when high damping is used. It is recog-
nized that the cost of correcting a given size

error increases as the target is approached. The

results of this study indicate that relatively small

dead |)and and damping, about 0..5, should be
used to minimize _'_. This eonehtsion was also

rem.he_t in a study of approach guidance (l'ef. 6).

It is noted, howeveP, that the (liffePenee in A_,

required for k/o. and k_M equal to 0 and 0.5 is

rallleP insignificant, about .'25 feet per second.
This difference become,_ more impo,'lan! when

larger measuPenwnt errors are assumed and will
be indi('aled h_ter.

The effect of guidance logic on the number of

corrections required is shown in figure 5(k). Tim
llltl, xin]um number of {.orre{.lions is 6 for/,:_), and

k_).u equal lo 0, 0.25, an',t 0.5. The maximum
number is 7 for kD,_ .rod k,.u equal to 1.0 and -

1.5; this increase is due t(} the less significant,
dead-band effect of ml_m.tn when higher damping is
used. The number of eorre{'tions should decrease

again for very high vahws of kin, and /c,.v, sin{'c
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mosl corrc(-tiol_.s wilI be rejected by II,e insig-
nifica],t knowledge crilerion. These cases are

of no inleresl, however, be<,ause of lbe excessive

A_,z thai woul(1 be required.

EFFECT OF ERROR ASSUMPTIONS

The following sections presem the results of a
parametric vm'iation of initial errors and measure-

meat errors as they affect guidance perl'ormance.

• All parameters not specifi('ally varied are those
of the reference case as summarize(| in table 1.

Increased sighting error.--Tbe accuracy and
Av cost of guidan('e are affected, to a large extent

by lhe size of the measurement error distributions.
Clocking errors have been found to contribute a

rather sm'fll effe('l; consequently, they are ex-
cluded from the following discussion. Guidance

performance was evaluated for an inerease.d

sighting error of 40 and 120 seconds of arc ]'ms,

and the major results are presented in figures
6 and 7.

Figure 6(a) shows lhe effe('l of dead-band and

damping guidance logic on the t(Hal velocity-
increment requiremenL. The general ('hnracter-

istic shown in figure 5(j) for l0 seconds of arc

error is repealed herein; however, the effe('l of

guidance logic on redu('ing A_,_ is more signifi(.anl.

The optimum choice of kD. and l'ni again appears

to be at)out 0.5, wilh a nlaxiniunl At, requirement

on the order of 355 feet per second. Since lhe

maximum ,5_,t for _'DB and i_'DMequal to zero is 480
feet per seeomt, ot>timum logic reduces the cost of

guidance by 25 porcen{. The accuracy of guid-

ance is not shown, sin('e it is unaffected by dead

b'md and damping. Results indi(.ale a me(lion
miss dislanee of 1200 miles mid a maximunl miss

dis{ante of 4500 miles. One might h'tve expecled
the miss distan(.e lo be 4 limos that for the 10-

second-of-arc mefls(lrew.ent error; however, the

effect of data adjustment is to increase the miss
distatie,e by a factor of 2 only.

Figure 6(b) shows the effe(:t of dead band anal

damping on I/l(, nunllwr of co(rot'(ions require_t.

When _+,, and /"DM equal zero, the maximum and

average nllmber of ('orrections are l0 and 7,
respeclively. _,Vhen Z'D. and '_'#JM equal 0.5, the

maximum and average are 9 and 5, respeolivcl.y.

The fact ihM Armi,_ is il less effective (lead band
for 40 seconds (-if a.re l]lail for 10 seconds (if fire

causes ihe nllllll)er of corrections to increase.

The effecl of dead ban(l and (tamping for a
sighting error of 120 seconds arc is iihisiruled in

figlll'C 7. i _,-allle of J}'r)l j and _'DM equlil io 0.5

again appears to be a suitable choice. The

n]axilDlllll alia median 5c re(lllirenlell{S are al)ollfo

575 aild :300 feel per second, respectively; and lhe
lllaxintlllO, and average 1]llnll)er or corrections are

8 and 5, respectively. Alliiough not shown,

results indi('ale a maxinium miss dislance of ill)out

12,600 niiles and a nlediall miss distance of 4000

miles.
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Increased injection-velocity error,--The refer-

ence case presented the reslflts for an assumed

inje('tion-velocity error of 70 feet per second rms
in ea<'tl component. This represenle<t, essentially,
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a Jl/0-percent error in the burnout, velocily at
launch. In figure 8, the tolal A_, requirement is

plotled as a function of the injeclion-velo('it.v

error for three wflues of sighting on'or. In the

ease of 10-seeond-a.re sighting error, the charac-
terislie is approximatdy lineal'; the maximum _v "

requirement increases from I60 feet. per second

for a 40-foot-per-second injection error to 520

feet per second for a 200-foot-per-second inje('tion "

error. When sighting errors of 40 _m(1 120 seconds
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arc a.re considered, the maxim um At, requirement
increases from 260 to 730 feel per second and from

400 {o 950 feet per second, respectively.

I000{ T r I_ 7 , I
/ - . Maximum requirement /

_- from I00 samples _ . _.._ __

1 - . Median requirement .t.. f

- V - T W/I I --

E _ secor_ _ I t _

/if-- )
0 40 80 120 160 200

Roo|-meon-squore injec_i0n-velocify error, ff/sec

FI(:URE 8. Effect of injection-velocity error on Av

requirements.

CONCLUDING REMARKS

The major objective of this report was to formu-

l'_te and ewduate a guidance theory that may be

employed to prescribe efficient trajectory ('ontrol

during the midcourse phase of an interplanetary
mission. The basic guidance theory, which has

been given altention in the literature (rer. 9),
was developed by perturbation methods consider-

ing first-order deviations from a precomputed

reference trajectorv. A self-contained optical

measure_nent system was h33pothesized , consisting
of tracking devices to measure angles between
pairs of celestial bodies, a clock, and instrumenta-

l|on for thmlst vector control. Errors in all mea-

surements were considered and specified by
statistical distributions. Corrective maneuvers

were so applied as to cause the ve}fiele to reaeh

rendezvous with the target planet at approxi-
mately the reference time of arrival. Further-

more, for the purpose of this analysis , the target
parameter was specified only in terms of the

asymptotic miss distance.

Tim criterion of an acceptable guidance theory

is one that will guide the vehicle to a reasonable

•degree of final accuracy and in so doing expend a

minimum amount of propellant. In addition, it

is desirab]e io hold down the number of ferret-

lions required and to relax the error tolerance of

practi('al instru}nentation. The method adol)led

in lifts analysis to in}prove guidance efficiency
was twofold:

(1) A technique of data adjustment was included

in tim thee D- with the purpose of increasing" the

accuracy of guidance information. This was

accomplished by including knowh, dge or the pas!

his/or v of the vehicle traje(.to W along wilh cur-

rent guidance information and reducing the
redundant info,'mation by a "maximum-likeli-

hood" !(djustment. The nature of this adjust-

n_ent procedure was improved guidance informa-

tion as the number or navigation fixes increases.

h nmneri('al evahtatiot_ in(licated t,vpical results

or improved over nonadjusted data accuracy
anwvhere from 2- to 170-fohl. This in}proved

aceuracv was responsibh, for a significant redu('tion
of Ar cost.

(2) So-called guidance-Iogi(' or (leeision expres-

sions were include(! in the theory and reduce(/ the

number or unnecessary and wasteful eorreelions
inherent to guidance maneuvers in the face of

r_m(iom measurement errors. The predicted miss

distance at the target and its estin_ated w_riance

are interl)reted by the |ogle, and a (tecision is

n'tade as to whether a correction is warranted,

and if so, what amount of k;, is to be al)plied.

The logic is 1)ased on arbitrary dead-t)and and
damping coefficients, which were w_ried para-

metrically to result, in optimum performance.

Results of this study indicated that small dead

t)an([ and damping were ties|fable. Evaluation
of guidance using 40 seconds of are rlns measure-

men( accuracy showed that the logic was effec-

tive in rejecting an average of 5 out of l0 possible
corrections with a corresponding 25-percent reduc-
tion of Av.

Guidance performance was evaluate(I by simu-

lating the guidance maneuver on a digital com-

puter and using Monte Carlo techniques of
statistical analysis. The mission considered is a

192-day Earth-Mars transfer. An injection-veloc-

ity error or 70 feet per seeond rms is assumed,
which would cause a miss distanee of several

hundred thousand nfiles. Ten navigation fixes

are taken en route. With tracking errors of I0

seconds are runs, the largest total av requirement
obtained from 100 samples was abou! 235 feet
per second, and the largest miss distance ineum'ed
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was about 2000 miles. The maxinmnl number of

corrections required was six. With increased

tl'_wking errors of 40 secomls arc am| 2 minutes

are nns, the A_, requirement in('reased lo 355

and 575 feel per second, respectively, while the

miss distance increased lo 4,500 and 12,600 miles,

respectively. In these cases, lhe maximum num-

ber of corrections increased to nine and eight,,

respectively.

LEwis PtESEARCtI CENTER

.'_ATIONAL AERONA'UTICS AND SPACE ADMIS;ISTRATION

CLEVELAND, OHIO, May I8, 196l



APPENDIX A

DEVELOPMENT OF FUNDAMENTAL GUIDANCE THEORY

The literature contains numerous references

(e.g., 8; and 9.) to the develol)ment of a line_rized

gui<hmce theory. Tile basic idea in this approach

is to define a stamlard or reference lrajeelory
ahmg which the sp_we vehicle will move in the

ideal silualion. The assumption is lhen made

lha[ ensuing perturbations (e.g., gui<lanee errors)

are nol great enough to cause tile actual lrajec-

tory to deviate significantly from the reference

trajectory. It is then possibh, to study these

deviations and the required correetion,fl maneu-

vers by perturbation techniques. Tile following
deveh>pmenl is to a large extent similar to the

comprehensive analysis of reference 9. Vector

and matrix nolation is used throughout for tile

purpose of compaclness and ease in algelmfie

nmnipulalion.

Let 7(t) and 7(0 denote the aclual t>osition anti
velocily vectors at lime t given in an inertial

coordinate system eenlered at the Sun. Simil,trly,

let: 70(0 and 7°(0 denote these quantities along

the referenee [rajeetory. The respective devia-
lions are written as

7j(7, t) may be expanded in lerms of a Taylor

series about the poin_ 7°; and, since deviations

have been assumed snmll, all higher-order terms

in (7--70) :may be neglected, with lhe result

g(7 ,l ) -- _7(7o,l) =.l Io(7o,t )67 (t )

Here .11o is a eoeftleient malt'ix whose elemenls

are the parlbd deriwltives of the componenis of

"_('70, t) with respect Io tile components of 70(/).

Specifically,
-bg,

_)Fx

M0= b%

i)g_

br/: b:+7
()1" u _)l' z

br_ br_ -

(A:_)

Tile linearized differenlial equations of perturbed

motion may now be written

tl aT(:)-- _7(:) (.t_)
dt

a7(t) =7,(t)-;o(t) (AO

__(t) =7(t)--L(t) (A2)

Tile tmsie differential equations describing coast-

ing motion in a gravit_tional fiehl are

<17
<it =F (A:9

d'/7
,y/-:._ (,-, t) (A4)

where ._ is the aeeeh, ration due to the fiehl.

Differenlialing (A1) and (A2) with time, and
using (A3) and (A4),

<l g;(O =_(t)-L(t)
<it

d 67(t)=.q0:, t)--_(L, 0

<t
_li _7(t) =3CaT(t) (AT)

The general solution of equations (A6) and

(A7) lhat meets certain specified boundary con-

ditions is desired. An appropriate set of l>ound-

ary eondilions :may be

a7(t,.) =0; aT(t_) =a_ (As)

_7(?A)=O; a'#(la) --a_.4 C_._,))

Equation (A8) siales that the initial perturbalion

is due solely to errors in velocity at launch.

Eqmdion (A9) slates thai any position devialion

al arrival is to be nulled by tile guidance maneu-
ver; however, the velocity deviation a[ arrival
will not be eonslrained.

Assume that tile vehicle has been coasting since

time of departure IL, and thal al lime t the posilion

and velocity vectors are 7(0 and 7(0. These quan-
21
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titles are fut,elions solely of departure velocity

"_(tL). A Taylor series expansion about the refer-

enee value F_(tt,) with higher-order terms neglected

yiehls

a7(t) R(t)67"L (A10)

_7(t) -- I'(t) _72. (A11)

where Bit) and I'(t) are eoem('ient matrices of

partial derivatives evaluated ahmg the reference

trajectory at time t. Defining V as a row yet'for,

R(t) .-Iv" (nl;v<) iv,,/,)/ (A13)
LVr,(t)J kVr,(OJ

Substituting (AI0) and (All) into (Aii) and (A7),

dR 5"_L= I'tt_L
dt

Tl|tlS_

(It

dR V, (tV=3IoR (A14)
(It = " (it

Equations (AI0) and (All) form one solution to

tile perturbed differential equations (A6) and (A7)

integrating forwar(t from tL. Furthermore, from

the boundary conditions of (AS),

R(tL)--O; V(tL)---I(unit matrix) (A15)

In an analogous manner one may picture coast-

ing motion from the target planet at t.t 1)aekwards

along the trajectory to time t. The position and

velocity vectors at t are soMy functions of arrival

velocity 7(1,0; consequently, the deviations are
written

_57(t) -- R*(t)aZa (A16)

_7(t) =v*(t)aTA

In this case the row vector V* is defined

(A17)

and

(a s)

W*,;(,)q
R*(t)=iV*r_(t)[; V*(t)--|V*v.(t)| (A19)

LV%(/)J LV*v_(/)J

Also, as in (AI4)

(tR* (tI'* "" _* (A20)
dt'=V*; -(It =.ILl:

Equations (AI6) and (A17) form another solution
to (A6) and (AT) inlegrating backwards from G.

The boundary conditions of tag) then require

n*(t ,)=0; v*(t,.,)=[ (A2])

The most general solution to the l)erturbed dif-
ferential equations is thus

_7(t) --R (t)'Y + R*(/)7* (A22)

Kd(I) =V(t)'5 +V*(t)-5* (A23)

where F and F* are constant vectors over a coasting-

lime interwd and nlay be determined from any set

of boundary conditions.
It shmfld be noted that the preceding develop-

ment applies to any number of gravitational fiehls

acting simultaneously and requires only that the

nmtrices /?, V, P,*, and l'* be obtained. It is

possible to obtain these quantities from the simul-
taneous solution of equations (A14) and (A20),

and the differential equations of motion along the

reference trajectory. A total of 48 differential

equations wouht be require(t. However, in the

special case of a predominant sola,' fiehl, the ma-
trices can be obtained analytically from the equa-

tion of two-body Keplerian motion. It is _iot

expe('ted that a nmre accurate definition would

significantly affect the results to be developed in

the present study.

The next step is to derive the basic equations

governing correctional maneuvers. It will be
shown that the veh)eity increment required to null

any position deviation at arrival is simply a linear

function of two known position deviations along

the trajectory. The following development is for

"fixed-time-of-arrival guidance"; that is, eorrect-

ing the trajectory to intercept the target planel at
the reference time of arrival G. The theory may

easily be extended to "variable-time-of-arrival

guidance" for the purpose of minimizing the re-

quired velocity increment.

Let 7r*(t) represent, the velocity vector required
at 7it) to intercept the moving target at, tA. Ex-

panding "/;*(t) in a Taylor series about the reference

trajectory and neglecting all terms in a7(t) of

higher order than one,

"d*(t)-'do(t)+Q*(7o, t)_7(t) (A24)
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where Q'* is Ill(, matrix of partial deriwt.tives of the

componenls of "_*(t) with respe('l to 7(t) ewfluated
at 7.(0. The required velo(.ily corre('tion is then

'.x?(O=?*(t)--8(t)=Q*tiT(t)-tiT(t) (A25)

The quantily tiT(l) is not directly measurable with

tile sensing equipment assumed, but i( may bc
found from t_o successive posilion devialions.

Equation (A22) written for limes t,, and t,,__ will

yield 7 and F.*, which can then be subslilutcd in(o
(A2a). Denoting [ime-dependen( quantities with

subscripts, for example ti/(t,)-_7,,

h,,R, ,R,_-0 Or,,--R.h,,-,&,,-,)7=(R,,-- '* * 1 -1 - . ,.-_ =

• • ) 1 )_7"= (R,,--1, ,,/, ,, ,[, ,,. ,):'07,--R, R,;--_,tiT,,-,)

From Ill(, (lefinilion of Q* and equations (A13),

it is seen that

Q,,R,,-I .

These resulls sut>slilul(,d in(o (A25) give

_7 ,,= l l,,tiT,,-- l),,ti7,, __ (A26)

_ here [[,, and [),, are ma! rices related Io tile funda-

mental matrices R, V, R*, and V*. Specifically,

--_ ,,(R_--R,,R,,_J?,,_,) (A27)

)* )* _t) x-1/_t*/_j*

-,. ,, ,p,,, ,)--I ,,tli,,-- R,,R,, _ * -_R,,R;;I__ (A2S)

Equation (A26) expresses tile velocity correction
as a linear funeli(m of two measured l)Osilio)_ de-

viations. I( is necessary (o ('arry (he analysis one
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step further an<l derive an expression for _-F,, tha(>

causes a position (Icy|alien at arrival equal to _7[_,,

not necessarily zero.
From (A22), 87_= R tT, since R* O. Now tiT'a is

ties|red aRer the nth veh)city correction is applied;

thus 7 can l)e found from tile position and velocity

deviations immediately litter (lie eorreclion. Posi-

tion is essentially cons(ant (luring the eorreciion,

and (he veh>eily deviation is (/x7, +(f?,). Thesoh,-
(ion for ? from equalions (A22) and (A23) a.I time

l,, is

?= <,I .-1 ,,h. R,,) (ti_ ,,_-A_. I ,,R,, ti .)

(A29)

Now, ti?,, which in (his ease is the veh)('i(y devia-
tion before tile correction, (_[(,pen,Is upon lhc

present and past post(ion tier|aliens:

tiT,,=(V*R*-'--ll,,)tiT,,+l',,tiT,,_, (A30)

Denoting

) - -, ,-_ "-1 (A31)B,,=ha(I ,,--_ ,:R, R,,)

&;.; is found from equq_lions (A29), (A30), and

(A31):

aY.'L--B,,(l',,ti7,, _--ll,,tiT.+AT,,) (A32)

Solving for ,57,,,

_rtw-[l,,_r,--I ,,Sr,,__ (2)_,=H,I-' , - ) -

It is nole:t that (2) ,'educes lo (A26) when the

correction nulls the (Icy|alien; that is, tiT.; 0.

Furlllernmre, (A32) a]so gives (he position tier|a-
lion a( a.rriwd before .:X7, is al)plied:

U/._--(H,,P,,)tiT,,_,--(B,,H,,)tiT,, (1)



APPENDIX B

DEVELOPMENT OF DATA-ADJUSTMENT TECHNIQUE

Th e general problem of leas t-squ ares adj ustm ent

of a set of observations subject to statistically
distributed random errors has been treated com-

prehensively by Brown (ref. 11). The following
development shows the application of the method

to llle m idcourse guidance problem.

The basic condition equation (l) expresses the

pre(licted position deviation at arrival _Ta a.s a

linear /'unction of two indirectly measured position
deviations along the path:

_7A-- (B,_P,,)_F.__+(B,,H_)6"?.=O (B1)

Current data acquisition is at time l,. Since the

quanlities _7,,__ and 5r,_ are matte up in part of

random measurement errors, the prediction of _Ta

will also be in error and will consequently affect
any guidance action attenlpted. What is desired

then is a means of improving the accuracy of the

pred ic lio n.

Now suppose tl|al at time t, _, which is the

previous data-acquisition and guidance point, a

predi(qion of 67a and a measure of the accuracy
in that l)rediction are avaihd)le. Since the vehicle

has followed a coasting trajectory between t,,_,
and G, this prediction is valid for current use at

l,,. The (_7A may be treated as an indirectly

measured quantity in (B1), Mthoug[l strictly

speaking it is a parameter. The following adjust-

merit procedure will act on the redundant guidance
information in such a manner as to yield a "best"

estimate of the quantities ,_Ta, _7,__, and _7,.

Denoting _t7°, 7 °(_ I1 1, and (_Tn O as the in(!irectly

measured quantilies, the adjusted quanlities are
written as

where the _ are at present undetermined correc-
tions called residuals. At the measured condi-

tions, the right side of (BI) is not equal to zero

in general and may be represented by a dis-

erepancy vector _ wt_ere

--8, ..,--( B.P.)_r._t-}-( B.[[,,)6_ _ (B3)

Eliminating _Ta, _F,__, and _7_ through equations

(B1), (B2), and (B3), the so-called normtfl con-

dition equation is expressed in terms of the residual

and discrepancy vectors. Using matrix notation,

where

m

zl_--[- #---- 0 (B4)

f }
(BS)

It is noted that (B4) when expanded results in

three equations in nine unknown residuals.

Thereh)re, additional criteria must be specified to
obtain a solution. To arrive at such criteria, the
statistical distribution of the errors is considered

briefly.

The primary mea._urement errors (_o_, 3_, _a_,

At) are assumed mutually independent and nor-

mall,,, distributed. Since the indirect measurec[

quantities of interest are derived from the primary

measurements, their errors have the statistical
property of the general multivariate normal dis-

tribution. This result is found by Brown (ref. 11)

and Cramer (ref. 12). The distribution of the
derived errors (residuals) can be written

[ 1 _"/,¢(-_,,vz, • • v.)=. (15E-'i)"e
"' " \ 2_-)

(B6)

where the matrix E is the covarianee matrix of the

derived measurements, and ]E-_] is the determi-
nant of its inverse matrix. Since the derived

errors are not mutually independent, the covari-

ante matrix is nondiagonaI. Brown extends the
work of earlier investigators and solves the general

problem of "least-squares" adjustment considering

correlated errors. Actually, he terms his method

the "m_ximum-likelihood adjustment" because.

the term "least squares" corresponds only to the

case of uncorrelated errors (i.e., _ diagonal). His
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resulis may therefore be applied to the data-

adjusiment problem in this study.
The maximum-likelihood adjustment is to deter-

mine the most probable set of residuals _ {llat

satisfy file eonditiou eqmrtion (B4). Such a set
is that which minimizes the quadratic form S

appearing in the exponential term of (B6):

S=_rZ-'_, (B7)

Solutions of constrained minima are especially

suited to wtriationa.1 methods using LtLgrangian

mull{pliers. Multiplying the constraint equa.tion

(B4) by a row vector of constant multipliers 2_ r

and subtracting this from (B7) give the expression
to be minimized:

Differen[iating with respect to the only free
vari,d)le _', and setting the result equul to zero,

(2_rE-_--2_rA)d_=0

Since this equation must be satisfied for all varia-

tions (1_,

_r_-l--XrA__0

Solving for _,

where
_=_ArX

r= _ (s_mmwt rie)

Substituting this expressiol_into (B4), solving for
X and then substituting X into the preceding

equation give the desired expression for the
residuals in terms of known quantities:

_,=--zAT(AzA')-,[ (Bb)

This result is then used in (B2) to obtain the most

probabh, estimate of the adjusled qmmtities.

Tile second m_tjor result developed by Brown
is tile covarianee matrix of the .tdjusted measure-

ments. By comparing this lmttrix with _, one

may gage the improvement due to the adjuslment.

Using equations (B3), (B4), (BS), and (BS), i{
can be shown that

Za_,= Z-- [(AY.) r(A y.A_)-' (A2;) ] (B9)
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The bracketed term represents the covariance

matrix of the residuals, and its diagon.d elements

should always 1)e positive. Therefore, knowledge

should always improve because of the adjustment.

It may be helpful to reiterate the preceding
resulls at. this time. Ttm matrices and vet.tots

required for data adjustment are A, _, and C.
The matrix A is a predetermined constant for a

given re.ference {ra_etory and time of fix. The
discrepancy vector C is evaluated at the measured
conditions and thus depends in part upon ran(!om

errors. The matrix Z is in effect a measure of tim

accuracy of past and present knowledge before

adjustment, and also of tile correlation between
derived measurements. What remains to be

shown is how _ is determined and how it is treated

as the vehicle progresses towards the {at'get

planet.

Consider a general time U. The covariance

matrix before adjustment [>',], is written in terms
of its sut)matrices _1, Z._, and _a, where cacti of

_r,t 1,these subma/rices corresponds 1o ($7°, -o and

(_7°_,respectively :

[:_].=

E_ Correhttion
matrix

Correhtlion 2;.,
mairix

0

o

Za

(B lo)

The terms within the double square represent

the accuracy of past knowledge, while 2:a repre-
sents the accuracy of current knowlettge. Also,

since _f7,°, is the current measurement and is inde-

6_,,__, the eorrelalion matricespendent of aT._ and -=o
appearing in the third row and eolunm are all

zero.

The present derived measurement _r-_,_is a rune-

lion of the primary measurements (_a_, _a_, _aa, l)_
whose calibrated eovariance matrix is diagonal

and denoted Z°:

o/o o (B11)z= 00o. _

ko o o o-_d
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Now using equation (15), which relates the error

hT,, (o the primary errors (hal),,, tile covarianee

matrix _:_ may l)e derived:

wlltwC

[z_],= (;,,,'_°(;,[ (B 12}

a,=[ t"-' 'U '-_---_i_,, (BI 3)

The submatrix Z2 and the correlation matrix

are obtained direclly from the adjuste,.l covarianee

matrix of ihe previous navigation fix at l,, t. For
exlml pie,

lZ._],,= [z_.,_],,_, (m 4)

The suhmalrix E_ can also be oblaine,.I dire.ib

ir no velocity eorreclion was made ll,I Cn _:

[X,],, -- ["_,oaj. _, (B 15)

If a correction was ma(le a( t___, (he effecI (ff

errors in applying _, shouhl be (aken into account.

If A7 is expressed i)) heliocentric sphe/'i<,al co-
or(litanies (At, O, 4) amt it is assumed (hal the

magnitude and direetiontfl errors are mutually

indepent!et)(, (hen the effec( of A7 erro)_ upon 8Ta

may be expressed as a eovariance matrix Zj:

[_; ]._,=N_:N r (BI 6)

where

[cr],

/O
o ]
o o_ ,,_,

-A6.
Ar -- Arv

Arlj
Ar_.

At'

_r.r_l, z "

AcuArz

( Tap-%_i,__

(Bt7)

and Y_ may now be wvit(en

[?.:d,,-- IZ,,_j],,_, + ['2; 1,___l (Bl,q)

The effect of a eorre('tiomd maneuver is ((> reduce

the accuracy or pqs( knmvle0ge; however, h>r

reason'd)le errors in A?, results show (ha[ the

effe('t is negligible because the diagonal e!e:nents of

"_<<_.,u" One may then eonchule that the <b)ta-
adjustment technique not only improves knowh,dge

for a given navigalion fix, 1)ut al_o improves know-

ledge wilh each successive fix.

The (tat,_-adjustmcnl equalions for the special
ease of _ =: [ are presented in appendix (7'.



APPENDIX C

SPECIAL CASE--FIRST CORRECTION

The guidance equations developed in appendix

A and the |ext for tile general condition 1,, may

be siml)lified for tile first correction (n=l). In

deriving tile linearized guidance equations, it was

assumed that the major cause of trajectory per-
turbations was velocity devialion_ at launch and

not position (leviations. The neglet't of such posi-
lieu deviations was purely arbitrary but ,mr

neeessary. With this assumt)tion, a7,=0 and

_-co=- &'1..
BASIC GLffDANCE EQUATIONS

The velocity increment required to null the

position deviation at arrival is round as follows:

From equations (A10), (All), and (A25),

.x-/;_= Q,*a7_- _F_ Where ,_--.0"-- 1"*/_*_.,_- 1

- l'*R*-l_71--Vv_Fr

=(I+'[R*-'--I',RV')aT,=_Htg)7, (C1)

Since //.t is predetermined, a me,'_¢urement of tile

posilion deviation _7_ suffiees to de/ermine ATh.

Equation (C1) is equivalent to equation (A26)

where _tFo=0 and P_ is undefined.
If the desire<l deviation at arrivM is (i7_t, then

the velocity increment is obtained from equation

(2):

At'l = B 1 (_/+ A +Hl'_71 (C2)

The position deviation at arrival before the
correction is applied is obtained from eqm_tion (1):

57A=-- B,H_SFt (C3)

DATA-ADJUSTMENT EQUATIONS

When n-- 1, the residual equalions (B2) become

Here, a7_ is the predicted value of the position
deviation at arrival and is bnsed on lnunch condi-

lions as given by (AI0):

+7:?,- R(t_,)aT,.--- 1,'+_+7_ (c5)

Since, however, aT,. is norm all.v dislribuled with a

mean of zero, the |)esl estima, te for -o is a,]so6r a zero.

Th us,

+77, 0 (c6)

The discrepancy vector given by (B:3) becomes

D

6'= B,H,+7? (C7)

'rod the (3)<9) matrix, .l, given by (B5) is redu<'cd

[o a (3X6) lnatrix in partitioned form:

(cs)

The covariance matrix related to 57° and at,,7+°

which in general is given by equation (B10),
reduces to a (6X6) matrix:

(C9)

The subnmtrix 22a is determined from (BI2) and

(B13) as usual. The raft)matrix v is derived
from (C5):

fo(] 0 ]
0 ,To

],'AT (c10)

where a0 is the standard (tevialion of the injection-

velocity error (_FL) components.
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TABLE I.--ASSUMED VALUES IN REFERENCE

CASE

Parameter Assllmed value

I. Reference trajectory
Launch date ...........

Trip time, days ................
Relative velocity -it Earth, ft/scc

Eccc||tricity ...................
Semimajor axis, A.U ............
Inclination to ecliptic, dvg ......
Relative velocity at Mars, ft/see__
Miss distance ..................

II. Initial and measurement er-

rors, aj rms
"Injection velocity (x,y,z temp.),

ft/see ........................
Angle error, see arc ..............
Clock error, % ..................
_v magnitude error, % ...........
Av direction error, see arc .........

III. Guidance-logic factors
Dead-band coefficient; ko, ........

Damping coefficient, ko_ .........
Minimum Av limit, Av=i,,, h/see_ __
Maximum Av limit, Av,.._, ft/scc_ _

Dec. 13, 1964
192. 2

12, 989
0. 25404

1. 3059
0. 556

18, 385
0

70
10

0. 00I
0. t

20

0.5
0.5

10
1000
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